Rened beam theories suitable for aerospace structures are presented in this paper. These theories have shell capabilities and permit the analysis of thin walled structures, such as wings and helicopter blades. The formulation is given in the framework of the Carrera Unied Formulation, CUF, which considers the order of the theory, N , as a free parameter of the analysis. N is the order of the 1D displacement expansion. The displacement components are, in fact, expanded in terms of the cross-section coordinates, (x, z), by using a set of 1-D generalized displacement variables. The rened kinematic models are based on Taylor-type polynomials. The nite element formulation is exploited in order to be able to face arbitrary cross-section geometries. FE's matrices are obtained in terms of a few fundamental nuclei which are formally independent of both N and the number of element nodes. A cubic (4 nodes) approximation along the beam axis, (y), is used. Structural analyses are conducted starting from classical beam theories, rened models are then introduced to evaluate non-classical eects. Dierent cross-section geometries, loading cases and boundary conditions are considered. It is mainly concluded that rened models are mandatory to properly detect shell-like mechanical behaviors. CUF hierarchical capabilities oer a powerful systematic procedure to implement higher-order beam theories with no constraints on N .
I. Introduction
The beam theory represents a reference technique to face the structural analysis of slender bodies such as airplane wings, helicopter blades and bridges. In all these cases, a beam model oers significant advantages with respect to more cumbersome two-dimensional, 2-D, and three-dimensional, 3-D, elements, because it permits the proper evaluation of the mechanical behavior of a structure via a 1-D analysis. Higher the order to which a beam theory is based on, higher its relevance. The rening process of a model is needed to detect non-classical eects such as shell-like responses. Two main methods are recognizable in the developing of a beam theory: axiomatic and asymptotic. The former method establishes a kinematic model starting from the intuition of a scientist. The latter investigates the role played by the various variables of the model in terms of a perturbation parameter (usually a geometrical one such as the span-to-height ratio for beams). The 3-D problem is then reduced to a 1-D model by exploiting an asymptotic series of a characteristic parameter, and retaining those terms which exhibit the same order of magnitude when the perturbation parameter vanishes.
The Euler-Bernoulli and Timoshenko beam models are classical examples of axiomatic approaches. The former does not account for transverse shear eects on cross-section deformations. The latter provides a model that foresees a constant shear deformation distribution on the cross-section. Both of them yield better results for slender than for short beams. Important contributions on the development of rened theories by using an axiomatic approach have been furnished by Kapania [1, 2] and Eisenberger [3] . Examples of asymptotic based rened theories can be found in works by Volovoi et alii [4] and Yu et alii [5, 6] . Higher-order beam theories are herein developed in the framework of the Carrera Unied Formulation, CUF, which was initially developed for plates and shells [7, 8] , and it has recently been extended to beams [913] . CUF oers a systematic procedure to obtain rened structural models by considering the order of the theory, N , as a free parameter of the formulation. Cubic beam elements (4 nodes) as well as dierent higher-order models for the cross-section displacement eld are used. The Euler-Bernoulli and Timoshenko beam models are obtained as particular cases of the linear formulation. The results are compared with benchmarks retrieved from the classical models and with shell and solid models.
II. Preliminaries
The adopted coordinate frame is presented in Fig. 1 . The beam boundaries over y are 0 ≤ y ≤ L. The displacements vector is:
Superscript "T " represents the transposition operator. The stress, σ, and the strain, , are grouped as follows:
Subscript "n" stands for terms laying on the cross-section, while "p" stands for terms laying on planes orthogonal to Ω. Linear strain-displacement relations are used:
with:
The Hooke law is exploited:
According to Eq.s 2, the previous equation becomes:
In the case of isotropic material the matricesC pp ,C nn ,C pn andC np are:
For the sake of brevity, the dependence of the coecients [C] ij versus Young's moduli and Poisson's ratio is not reported here. It can be found in Tsai [14] or Reddy [15] .
III. Unied Formulation.
In the framework of the Carrera Unied Formulation (CUF), the displacement eld is assumed as an expansion in terms of generic functions, F τ :
where F τ are functions of the coordinates x and z on the cross-section. u τ is the displacement vector and M stands for the number of terms of the expansion. According to the Einstein notation, the repeated subscript τ indicates summation. Eq. (8) consists of a Maclaurin expansion that used as base the 2D polynomials x i y j , where i and j are positive integers. The maximum expansion order, N , is supposed to be 4. Table 1 presents M and F τ as functions of N . For example, the second-order displacement eld is:
The Timoshenko beam model (TBM) can be obtained by acting on the F τ expansion. Two conditions have to be imposed. 1) a rst-order approximation kinematic eld:
2) the displacement components u x and u z have to be constant above the cross-section:
The Euler-Bernoulli beam (EBBM) can be obtained through the penalization of xy and zy . This condition can be imposed by using a penalty value χ in the following constitutive equations:
σ xy = χC 55 xy + χC 45 zy σ zy = χC 45 xy + χC 44 zy (12) The classical theories and the rst-order models require the assumption of opportunely reduced material stiness coecients to correct Poisson's locking (see Carrera and Brischetto [16, 17] ). Unless dierently specied, for classical and rst-order models Poisson's locking is corrected according to Carrera and Giunta [9] .
Introducing the shape functions, N i , and the nodal displacement vector, q τ i :
The displacement vector becomes:
For the sake of brevity, the shape functions are not reported here. They can be found in many books, for instance in [18] . Elements with 4 nodes (B4) are formulated, that is, a cubic approximation along the y axis is adopted. It has to be highlighted that, while the order of the beam model is related to the expansion on the cross-section, the number of nodes per each element is related to the approximation along the longitudinal axis. These two parameters are totally free and not related to each others. An N -order beam model is therefore a theory which exploits an N -order polynomial to describe the kinematics of the cross-section. The stiness matrix of the elements and the external loadings, which are consistent with the model, are obtained via the Principle of Virtual Displacements:
Where L int stands for the strain energy, and L ext is the work of the external loadings. δ stands for the virtual variation. The virtual variation of the strain energy is rewritten using Eq.s (3), (6) and (14) , in a compact format it becomes:
Where K ijτ s is the stiness matrix in the form of the fundamental nucleus. Its components are:
The virtual variation of the work of the inertial loadings is:
where ρ stands for the density of the material, andü is the acceleration vector. Eq. 18 is rewritten using Eq.s 3, and 14:
whereq is the nodal acceleration vector. The last equation can be rewritten in the following compact manner:
where M ijτ s is the mass matrix in the form of the fundamental nucleus. Its components are:
It should be noted that no assumptions on the approximation order have been done. It is therefore possible to obtain rened beam models without changing the formal expression of the nucleus components. This is the key-point of CUF which permits, with only nine FORTRAN statements, to implement any-order beam theories. The shear locking is corrected through the selective integration (see [18] ). The undamped dynamic problem can be written as it follows:
where a is the vector of the nodal unknowns and p is the loadings vector. Introducing harmonic solutions, it is possible to compute the natural frequencies, ω i , for the homogenous case, by solving an eigenvalues problem:
where a i is the i-th eigenvector.
IV. Numerical results
Dierent static and dynamic assessments are considered hereafter. Previous works have dealt with the structural investigation of airfoil-shaped beams and unconventional wing congurations. The deformed free-tip cross-section of a cantilevered three-cell wing which undergoes a torsional loading is shown in Fig. 2 [11] . This result has been obtained via a fourth-order model, the out-ofplane warping is clearly detected. Fig. 3 [19] shows a natural mode of a joined-wing which has been obtained with the CUF beam and an MSC Nastran shell model. The comparison of the natural frequencies highlights an almost perfect agreement. A simply supported beam with a thin-walled annular cross-section is considered as a rst assessment of the present work. The geometric characteristics of the model are shown in Fig. 4 
Where I is the cross-section moment of inertia. u z B and u z T are reported for increasing order beam models in Table 2 . EBBM and TBM predict the same vertical displacement for both points. In particular, the Timoshenko beam shows a smaller rigidity. Linear and parabolic models furnish slightly dierent results. It has to be highlighted that the second-order model gives a smaller displacement value than the rst-order one because the Poisson locking correction is activated only for linear expansions. Remarkable dierences are present in the solutions obtained through cubic and fourth-order models. u z B is considerably smaller than in case of lower-order expansions. This eect is related to the increase of u z T which is the vertical displacement of the point where the load is applied. u z T exploits a larger quote of the external work making the local eects more relevant than the global ones. This mechanical response is due to the presence of the concentrated load and is not detected at all by lower than cubic theories. This aspect is further claried by Table 3 presents the vertical displacements of the loading point for dierent beam models. The last row is related to a shell model solution which has been made in MSC Nastran. The second column shows the total number of degrees of freedom of each model, that is, the computational cost. A good convergent behavior is observed with a considerable smaller computational eort than that required by the shell model. Fig. 6 shows the deformed congurations of the beam for dierent theories. EBBM is not able to detect the local eects of the concentrated load. Higher the order, more detailed the result becomes. A further investigation is furnished in Fig. 7 where the deformed loading point cross-sections are reported for dierent beam theories and compared with that obtained by MSC Nastran. It can be observed that models higher then the fourth are able to detect the displacement eld of all the cross-section points but the loading one. It occurs models higher than the tenth-order to obtain a detailed description of the loading point displacement eld.
The free vibration analysis of the clamped-clamped model has been made as the last assessment of this work. Table 4 reports the rst two bending frequencies for dierent beam models. Shell and solid models have been used for comparison purposes. The position within the eigenvalue vector of each frequency is shown in the superscripts. Each frequency appears twice because of the symmetry of the cross-section. The rst bending frequency is properly detected by the third-order model although a fourth-order model is needed to predict the exact position of the frequency in the eigenvalue vector. A fth-order model is needed to detect the second bending frequency whereas a sixth-order theory is able to exactly locate the position of the frequency in the eigenvalue vector. Fig.s 8, 9 shows two natural circumferential modes of the beam which are characterized by the presence of two and three lobes along the cross-section. Table 5 presents the natural frequencies of the rst two-lobe mode for dierent theories. At least a third-order model is needed to detect this mode. The proper evaluation of the value of the natural frequency is furnished by the seventhorder model. It is signicant to observe that the shell and the seventh-order beam model are able to compute a lower frequency than the solid one, that is, these two models are able to predict a lower stiness of the model than that of the 3D elements. The rst three-lobe mode frequencies are reported in Table 6 . A fourth-order model is needed to detect this mode. The eighth-order model is able to furnish the same natural frequency of the shell model. The dierences with the 3D elements are more relevant than in the two-lobe case.
V. Conclusion
The static and free vibration analyses of thin-walled structures based on higher-order beam theories have been presented in this paper. The Carrera Unied Formulation, CUF, has been used for the systemic implementation of rened models. According to CUF, the element stiness and mass matrices are obtained in compact forms, named fundamental nuclei, that do not depend on the theory approximation order, that is, the order of the model is assumed as a free parameter of the modelling. Elements based on classical theories have been derived as particular cases. The numerical analyses have been conducted for the investigation of the static and dynamic behaviors in terms of deformed congurations, natural frequencies, and vibration modes. Comparisons with shell and solid models of commercial FE codes have been made. The following main conclusions can be drawn.
1. The builded beam formulation permits to deal in an unied manner with arbitrary cross-section geometries and thin-walled structures.
2. The use of higher-order theories has permitted the overcome classical beam model limitations.
3. The comparison with shell and solid models has shown the shell capabilities of the rened beam theories in detecting the localized eects of concentrated loads and shell-like natural modes.
4. The computational eort requested by the present beam model is strongly smaller than those needed by shell and solid elements.
The use of the proposed beam models appears suitable for aeroelastic applications that include airfoil in-plane and out-of-plane deformations and for extensions to wings made of advanced composite materials. These topics could be subject of future works. Tables   Table 1 Mac Laurin's polynomials. 
